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Lanczos-Lovelock theories of gravity, in its first order version, are studied on asymptotically
locally anti de Sitter spaces. It is shown that thermodynamics satisfies the standard behavior and
an expression for entropy is found for this formalism. Finally a short analysis of the algebra of
conserved charges is displayed.
I. INTRODUCTION
Standard general relativity is given by the Einstein Hilbert action (plus a cosmological constant). This theory has
as dynamical field the metric and by definition is torsionless, which yields to second order field equations. In fact,
in three and four dimensions including higher power of the Riemann tensor unavoidably yields to higher order field
equations1. However in higher dimensions to have second order field equations is not restricted to the Einstein theory,
but there are others sensible Lagrangians which contain higher power of the Riemann tensor and yet have second
order field equations. This fact was first noted by Lanczos [1] in five dimensions and lately generalized by Lovelock
to higher dimensions [2].
Nonetheless, a major drawback of the metric formulation is that spinors can not be incorporated in this formalism,
thus another approach has to be taken. In this way, the first order formalism shows up. On a manifold M, the
fields are the orthonormal basis of the cotangent space, ea (also called vielbein), and the -spin- connection wab, which
defines the Lorentz covariant derivatives. Since ea and wab are 1-forms that transform under local Lorentz group, the
Lagrangian to be constructed is manifestly invariant under diffeomorphisms and additionally should be a scalar under
Lorentz transformations. This kind of theories has been vastly studied in the literature, for a review see Ref. [3] (and
references therein). Finally, recalling that in this formalism ea and wab are independent fields, this is a genuine first
order theory fields [4], therefore there are issues to be considered. In particular to define boundary conditions that
do not over determine the fields and simultaneously that define a proper action principle is a hard task. For even
dimensions it was introduced in [5], and thereafter extended in [6], a new boundary condition, the asymptotically
locally AdS condition, which satisfies both criteria. This issue will be discussed in detail at section III B. From now
on these Lagrangians with higher power of the Riemann tensor, written in first order formalism, will be named LL
Lagrangians, after Lanczos and Lovelock.
Recently the Noether method was successfully applied to LL Lagrangians defined on asymptotically locally AdS
(ALAdS) spaces [5,6], and unlike the Komar’s prescription, these Noether charges indeed reproduce the Hamilto-
nian charges. This remarkable feature leads to attempt a deeper analysis of the LL theories, unfortunately any LL
Lagrangian has in principle a singular symplectic matrix, which in turn makes a general Hamiltonian approach (See
Ref. [7]) hard to achieve, and as far unknown. One option is to follow the covariant phase space method. Formally
this method reproduces from a purely Lagrangian framework the Hamiltonian formalism. The introduction of this
method to gravitation was made in [8], where it was applied to the metric formulation of EH gravity reproducing the
well known Hamiltonian results. Also, in [9], the analysis in 2 + 1 dimensions of the algebra of conserved charges at
the horizon was performed by using this method. Finally it is worth noting that the thermodynamical analysis of the
LL Lagrangians in the metric formalism, which was first established in [10] using Gibbons-Hawking regularization
procedure, was also analyzed in [11] using this approach.
In this work the covariant phase space method is applied to the LL theories in their first order versions. In the
first part of this work the method and some general ideas of the first order gravitational theories are described,
afterward, it is shown how the first law of the black hole thermodynamics holds for first order gravitational theories
on asymptotically locally AdS spaces [10,11]. Thereafter it is displayed as an example the explicit calculation for the
Born-Infeld Lagrangian [12]. Finally a first approach to the analysis of conserved charges algebras is displayed.
In this work an even (2n) dimensional manifold M is considered. For simplicity solely black hole geometries are
studied, and following the Hamiltonian standard caseM has topology of R×Σ, where Σ is a space like sub manifold.
1In four dimensions there is a second order polynomial of the Riemann tensor, the four dimensional Euler density, which is a
topological invariant thus it does not contribute to the field equations.
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In addition, to characterize the geometry, ∂Σ∞ and ∂ΣH will denote the spatial infinity and event horizon respectively,
thus the boundary of M is
∂M = ∂Σ× R = ∂ΣH × R ∪ ∂Σ∞ × R.
The differential forms language will be assumed, so exterior product (∧) between differential forms will be understood.
In particular any field in this work is regarded as a 1-form, as well as the Lagrangian as a 2n-form. Finally the name
vector will denote only geometrical objects as ξ = ξµ∂µ.
II. PRESYMPLECTIC STRUCTURE FOR AN ARBITRARY THEORY
Any infinitesimal transformation of a field φ(x) can be split as a local functional transformation plus a diffeomor-
phism, given by x′ = x+ ξ(x) (See [13]). This can be done as follows,
δφ(x) = φ′(x′)− φ(x) = φ′(x′)− φ′(x) + φ′(x)− φ(x) (1)
where φ′(x)− φ(x) = δ0φ(x) is a local functional transformation, and φ
′(x′)− φ′(x) = Lξφ. Finally one obtains that
δφ = δ0φ+ Lξφ. Applying those definitions to any Lagrangian theory one obtains that
2
δL = (E.M.)δ0φ+ dΘ(φ, δ0φ) + dIξL, (3)
where (E.M.) represents the equations of motion.
A symmetry is defined as a change in the field configuration that does not alter the field equations. To satisfy
that δφ has to be such that the Lagrangian changes in a total derivative, i.e., δL = dα. For the sake of clarity when
a transformation δ corresponds to a symmetry, δ0 will be denoted δˆ. In this case the Noether method states that,
evaluated on the solution, the current
∗Jξ = Θ(δˆφ, φ) + IξL− α, (4)
satisfies d( ∗Jξ) = 0.
On the other hand, given that differential forms are manifestly invariant under diffeomorphisms, i.e., δφ = 0, the
associated conserved current is obtained by substituting in Eq.(4), δˆφ = −Lξφ and α = 0. Therefore the Noether
current for diffeomorphism is
∗Jξ = Θ(−Lξφ, φ) + IξL. (5)
By using this current one can define a conserved charge, however in principle it will be only of relevance, i.e. a physical
charge, if ξ corresponds to a diffeomorphism that generates an isometry of the solution, namely a Killing vector.
The presymplectic form Ξ is defined by [8,9]
Ξ(φ, δ1φ, δ2φ) =
∫
Σ
δ1Θ(φ, δ2φ) − δ2Θ(φ, δ1φ), (6)
where δ1 and δ2 correspond to functional variations of the fields, i.e., they correspond to independents
δ0’s.
Inside the space of configurations F exists the subspace of classical solutions F¯ . In this subspace one has that
δ1 ∗ Jξ = δ1Θ(−Lξφ, φ) + IξdΘ(δ1φ, φ) which, by using Iξd = Lξ − dIξ, implies that
(δ1Θ(−Lξφ, φ) + LξΘ(δ1φ, φ)) = δ1 ∗ Jξ + dIξΘ(δ1φ, φ). (7)
2The operator Iξ acts over a differential form, Ap =
1
(p!)
Ai1...ipdx
i1 ∧ . . . ∧ dxip , as
IξAp = ξ
j 1
(p− 1)!
Aji2...ipdx
i2 ∧ . . . ∧ dx
ip (2)
In term of this operator the Lie derivative acting over a differential form can be written as LξAp = (dIξ + Iξd)Ap
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The left hand side, once it is integrated on Σ, can be identified as the presymplectic form evaluated for the variations
(δ1φ,−Lξφ). Simultaneously this presymplectic form (Eq.(7)) can be interpreted as the Hamiltonian variation δ1 of
the generator of diffeomorphisms3 G(ξ) [8]. Therefore,
Ξ(φ, δ1φ,−Lξφ) = δ1G(ξ) =
∫
Σ
δ1 ∗ Jξ + dIξΘ(δ1φ, φ). (8)
III. FIRST ORDER GRAVITY
A. General ideas
Recalling that M is 2n-dimensional manifold, the first order LL Lagrangian is constructed in terms of Riemann
curvatures and vielbein as
L = κ
n−1∑
p=0
αp ǫa1...a2n
[
(R)p
(e
l
)2n−2p]a1...a2n
, (9)
where [
(R)p
(e
l
)2n−2p]a1...a2n
= Ra1a2 . . . Ra2p−1a2p
e
l
a2p+1
. . .
e
l
a2n
,
Rab = dwab +wacw
cb is the Riemann two-form of curvature, αp arbitrary constants and κ a normalization constant
4.
A theory of gravity, as the one described by Eq.(9), has multiple background configurations, since this Lagrangian
does not have a single cosmological constant. This problem was analyzed in Ref. [14], where the arbitrary coefficients
αp were restricted such that having a single negative cosmological constant, in this case l is related with the value of
that cosmological constant. From now on, it will be considered this kind of theories only, however those set of {αp}
will be only implicitly assumed during discussion, since besides that they constrain the LL Lagrangians to have a
single cosmological constant no significant simplification is obtained by substituting them.
The variation of the Lagrangian is given by,
δ0L = Gf δ0e
f +D(δ0w
ab)τab (11)
where
Gf =
←−
∂ L
∂ef
= κ
n−1∑
p=0
(2n− 2p)αp ǫa1...a2n−1f
[
(R)p
(e
l
)2n−2p−1]a1...a2n−1
(12)
is a first field equation and
τab =
∂L
∂Rab
= κ
n−1∑
p=0
pαp ǫaba3...a2n
[
(R)p−1
(e
l
)2n−2p]a3...a2n
. (13)
Using the Stoke theorem the second term in Eq.(11) can be split such that obtaining the second field equation
D(τab) = 0 and the boundary term
3Recalling that expressions are on-shell the generator of diffeomorphisms, G(ξ) = Hµξ
µ+C(ξ), is simply given by G(ξ) = C(ξ)
4In particular the four dimensional Einstein Hilbert action with a negative cosmological constant is given by
SEH =
1
32πG
∫
M
R
ab
e
c
e
d
ǫabcd +
1
2l2
e
a
e
b
e
c
e
d
ǫabcd, (10)
where l2 = −3Λ, being Λ the cosmological constant.
3
Θ(δ0w
abwabed) = κ
n−1∑
p=0
pαp ǫa1...a2n
[
δ0w(R)
p−1
(e
l
)2n−2p]a1...a2n
. (14)
In even dimensions, the solution for D(τab) = 0 with minimal requirements is given by a torsion tensor T
a =
dea+wabe
b = 0. It must be stressed, however, that in odd dimensions there is a particular set of {αp} that gives rise
to Chern-Simons action, for which T a 6= 0 is not an over restricted condition, and actually a torsionless solution is not
the most general case that solves D(τab) = 0 (See [3]). Even though under T
a = 0 the solutions are indeed solutions
of the metric formalism, it must be emphasized that this is a dynamical result and does not mean that both theories
are equivalent.
The Noether current, associated to the invariance under diffeomorphisms, can be computed by substituting Eq.(14)
into Eq.(5). Therefore,
∗Jξ = −d
(
Iξw
abτab
)
. (15)
That ∗J is a closed form directly implies that d( ∗Jξ) = 0 is satisfied for any ξ and the conserved charges depend
only on boundary information. However it is worth noting that in order to define a physical conserved charge from
∗Jξ is necessary that ξ to be an isometry of the solution, namely a Killing vector. From now on ξ will be considered
a Killing vector.
B. Horizon, Killing vectors and Boundary Conditions
Considering that for black holes geometries it will be assumed that Σ has two boundaries, the spatial infinity ∂Σ∞
and the horizon ∂ΣH , any vector fields ξ to properly define a symmetry simultaneously should preserve boundary
conditions at both surfaces. Actually the natural choice is to consider the null generator of the event horizon [11,15,16],
i.e., ξ is the Killing vector which is normal to the horizon surface [17]. Unlike the asymptotically flat case, ξ can not
be normalized such that ξµξµ = −1 at ∂Σ∞, thus it is normalized through the definition of the conserved charges.
The vector field ξ has in general the form ξ = ∂t + Ω
I∂φI , where φ
I are the independent directions in which the
angular momentum can be defined. ΩI are the corresponding angular velocities of the horizon in those directions [18].
On the other hand, the definition of boundary conditions for a theory of gravity as Eq.(9), properly constrained to
have a single cosmological constant, has been recently discussed in [5]. There it is introduced the ALAdS boundary
condition, which defines that LL Lagrangian must be supplemented by the 2n dimensional Euler density5,
E2n =
∫
M
Ra1a2 . . . Ra2n−1a2nǫa1...a2n , (16)
times a factor that depends on the particular LL Lagrangian to be considered.
This new LL Lagrangian defines a proper action principle for ALAdS spaces, since the new boundary term
Θ(δwab, wab, ea) vanishes for R¯cd = Rcd + l−2eced → 0 at R × ∂Σ∞. This boundary condition is alike to the
electromagnetic condition, where one requires that the fields, in this case R¯cd, to vanish at infinity [5].
Nonetheless, according to Ref. [15] to realize the black hole thermodynamics one needs to consider the event horizon
as an internal boundary of the manifoldM. To take in both arguments, ALAdS condition and event horizon being a
boundary, forces to set a boundary condition at the event horizon, which does not over determine the first order field
equations. One solution to this problem corresponds to fix the spin connection wab at the event horizon. In practice
this is equivalent to fix the temperature of a black hole, foreseing that this boundary condition corresponds from a
thermodynamical point of view to have been chosen the (grand) canonical ensemble.
IV. THERMODYNAMICS WITH ALADS CONDITION
In general for any LL Lagrangian (9) one can demonstrate that the presymplectic form (See Eq.(8)) is given by,
Ξ(δ1w
ab,−Lξw
ab, ea) =
∫
∂Σ
IξΘ(δ1w
ab, wab, ea)− δ1
(
Iξw
abτab
)
. (17)
5Euler density is a topological invariant, therefore it does not contribute to the field equations.
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It is remarkable and useful that for such a general theory the presymplectic form depends only on boundary informa-
tion.
The thermodynamical relation are constructed form this last expression through the introduction of a particular
kind of variation as follows. Inside F¯ there are families of solutions φ(x, µ), labelled by parameters µ’s. These µ’s
represent mass, angular momentum, or any extensive property of the solution. Afterward, for a particular family of
solution one defines the new kind of variation,
δ˜φ(x, µ) =
∂φ(x, µ)
∂µ
δµ. (18)
In expression (17) computations at infinity are considered as the variation of Hamiltonian charges, i.e., mass, angular
momentum, etc. Therefore,
δ˜Qξ =
∫
∂Σ∞
IξΘ(δ˜w
ab, wab, ea)− δ˜
(
Iξw
abτab
)
. (19)
Unlike the metric formalism, subject to the Dirichlet condition, where Hamiltonian and Noether charges are not
directly related, under the ALAdS condition Θ(δ˜wab, wab, ea)|∂Σ∞ vanishes for arbitrary δ˜w
ab. Therefore the previous
expression simply becomes
δ˜Qξ = −
∫
∂Σ∞
δ˜
(
Iξw
abτab
)
, (20)
demonstrating that the variations of the Hamiltonian and Noether charges are equivalent in this case. This result
explains the success of the Noether charge, introduced in Ref. [5], to reproduce the Hamiltonian charges.
It can be argued, on the other hand, that Ξ(δ˜wab,−Lξw
ab, ea) must vanishes since ξ generates an isometry of the
solution [8]. This fact was used in Ref. [15] to obtain from this formalism the first law of black hole thermodynamics.
Therefore ∫
∂Σ∞
δ˜
(
Iξw
abτab
)
=
∫
∂ΣH
δ˜
(
Iξw
abτab
)
− Iξ
(
δ˜wabτab
)
. (21)
By regarding Ref. [6], Eq.(20) corresponds the sum of the variations of mass and angular momentum, therefore
Eq.(21) must contain the first law of thermodynamics for any of the black hole solutions of the gravitational theories
introduced in subsection IIIA (See appendix B in Ref. [14]). Unfortunately, unlike Ref. [15], in this case is not direct
to integrate the r.h.s. of Eq.(21) to obtain a formal expression for Entropy. An alternative approach will be discussed
in the next section.
To understand how Eq.(21) contains thermodynamics, it will be analyzed for Born-Infeld action in 2n dimensions
coupled with an electromagnetic field. The Lagrangian of this theory is given by
L = κˆR¯a1a2 . . . R¯a2n−1a2nǫa1...a2n −
1
2εΩ2n−2
F ∧ ∗F (22)
where R¯ab = Rab + l−2eaeb and
κˆ =
l2
4n(2n− 2)!Ω2n−2G2n
. (23)
The geometry to be considered is given by
ds2 = −∆(r)2dt2 +
dr2
∆(r)2
+ r2dΩ22n−2, (24)
with ∆(r)2 = 1 +
r2
l2
−
(
2MG2n
r
−
Q2G2nε
(2n− 3)r2n−2
) 1
n−1
. The largest root of ∆(r), corresponding to the outer -event-
horizon, will be denoted r+. The electromagnetic field is given by F = dA, with A =
εQ
(2n− 3)r2n−3
dt.
Since this is not only a gravitational configuration is necessary to include into the calculations the electromagnetic
action. In order to do that it is also necessary to introduce boundary conditions for the electromagnetic field. In
the spirit of the former boundary conditions, A is fixed at the horizon ∂ΣH and F is such that it vanishes at ∂Σ∞.
5
The vector field that defines the horizon, the Killing vector ξ = ∂t, defines the only non trivial relation. After
a straightforward calculation one obtains that additionally to the Gravitational ΞG Eq.(17), it is also presented a
contribution from the electromagnetic Lagrangian, ΞE . Therefore, Ξ = ΞG + ΞE with ΞE given by
ΞE = −
1
εΩd−2
∫
∂Σ
f δ˜ ∗ F = −ε
Qδ˜Q
r2n−3
∣∣∣∣∣
∞
r+
(25)
where f =
εQ
(2n− 3)rd−3
.
Next one has to calculate the non asymptotical expression of δ˜wabτab and δ˜Iξw
abτab for this configuration. The
results are given by ∫
∂ΣH
δ˜
(
Iξw
abτab
)
−
∫
∂ΣH
Iξ(δ˜w
abτab) = δ˜M + ε
Qδ˜Q
r2n−3+
. (26)
Thus, one has that Ξ = ΞG + ΞE = δ˜M
∣∣∣∞
r+
= 0. This result confirm our previous statement that Ξ must vanish in
this case. The correct way to interpret Ξ = 0 is given by the identity which holds at the horizon
δ˜M(r+, Q) =
(
1
2G2n
(
1 +
r2+
l2
)n−2(
1 + (2n− 1)
r2+
l2
)
−
εQ2
2r2n−2+
)
δ˜r+
+
εQ
(2n− 2)r2n−3+
δ˜Q, (27)
where through to identify the temperature of the black hole as
T =
1
4π
d
dr
∆(r)2
∣∣∣∣
r=r+
=
1
4π(n− 1)r+
[
1 + (2n− 1)
r2+
l2
−
G2nεQ
2
r2n−2+
(
1 +
r2+
l2
)−(n−2)]
, (28)
yields to
δ˜M ≡
εQ
(2n− 3)r2n−3+
δ˜Q+ T δ˜S. (29)
Here S represents the entropy of the black hole defined by
δ˜S =
(
1 +
r2+
l2
)(n−2)
2π
G2n
(n− 1)r+δ˜r+. (30)
Therefore relation (29) resumes that T δ˜S = δ˜M − fH δ˜Q, which represents the first law of thermodynamics written in
terms of the grand canonical ensemble. This result was previously obtained in [12,14] using the standard Hamiltonian
mini super space technics.
V. ENTROPY
The relation between statistical mechanics, in the (grand)-canonical ensemble, and the path integral states that the
partition function Z, for any theory of fields, can be approximate as,
− ln(Z) = S − βE − βΩIδQI ≈ I
E|τ=β. (31)
where IE stands for the Euclidean version of the action, and ΩI is the - chemical -potential for the charge QI [18].
It worth noting that Euclidian action IE has the opposite sign of the Lorentzian action I, therefore there is a global
sign in the charges between Euclidean and Lorentzian frameworks.
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For a gravitational LL theory in absence of matter it is satisfied that
δIE =
∫
∂M
δwabτab. (32)
Afterward, considering that the boundary ∂M = ∂Σ × R is defined by the time like direction times the transversal
directions, Eq.(32) can be written as
δS − βδE − βΩIδJI = β
∫
∂Σ
Iχ
(
δwabτab
)
, (33)
where χ is the Euclidian version of ξ, therefore χ = ∂τ +Ω
I∂ϕI [18], being (τ, ϕ
I) the wick rotated version of (t, φI).
By recalling that under ALAdS condition the integral at ∂Σ∞ vanishes
6,
δS − βδE − βΩIδJI = −β
∫
∂ΣH
Iχ
(
δwabτab
)
(34)
= −β
∫
∂ΣH
[
Iχ
(
δwabτab
)
− δ
(
Iχw
abτab
)]
+ δ
(
Iχw
abτab
)
. (35)
However, at the r.h.s. it can be used the Euclidian version of Eq.(20),∫
∂ΣH
Iχ
(
δwabτab
)
− δ
(
Iχw
abτab
)
= −
∫
∂Σ∞
δ
(
Iχw
abτab
)
= δE +ΩIδJI . (36)
Thus one has that
δS − βδE − βΩIδJI = β
∫
∂ΣH
δ
(
Iχw
abτab
)
− βδE − βΩIδJI , (37)
which yields to
S = S0 + β
∫
∂ΣH
Iχw
abτab, (38)
where S0 is an integral constant. Finally one can check that the internal product (Iχw
ab) is invariant under the Wick
rotation, therefore Eq.(38) is still valid in the Lorentzian framework.
It can be confirmed that Eq.(38) reproduces the standard results, modulo an integral constant. For instance, it
reproduces the result of Eq.(30), and in four dimensions the area law is obtained by choosing S0 = −(πl
2)/G for
Schwarzschild-AdS and S0 = −(πl
2)/(2G) for Kerr-AdS.
It is worth noting that in Ref. [15] ( Eq.(26)) is given a similar expression for the entropy for an asymptotically flat
space. One can compare both expressions by noting that expression under integration in Eq.(38) in principle can be
connected with its analogous in Ref. [15]. On the other hand S0 acts as a pseudo regulator parameter that allows to
take the flat limit (l → ∞) in the final expression for the entropy. The presence of pseudo regulator parameters in
the theory has been already noted in Ref. [5] where the Euler density was interpreted in this way.
VI. CONSERVED CHARGE ALGEBRAS
In this section is introduced the analysis of the algebra of asymptotical charges by omitting the existence of an
internal boundary. By restricting the presymplectic form to the space of classical solutions [8,9] it can be interpreted
as the Dirac bracket of two conserved charges. This is equivalent to the Hamiltonian procedure where after gauge
fixing the Poisson bracket of two Generators, supplemented by the charges that make them differentiable, corresponds
to the Dirac bracket of the charges -evaluated on the solutions- [7,19]. Therefore,
[Q1, Q2] =
∫
Σ∞
δˆ2Θ(δˆ1)− δˆ1Θ(δˆ2). (39)
This bracket will define an extension of the algebra of symmetries.
6Even though in the Euclidian framework the horizon is not a surface but a point expressions are formally correct.
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A. Lorentz Algebra
A Lorentz transformation is given in terms of the fields as
δˆλe
a = λab e
b and δˆλw
abJab = −D(λ
abJab), (40)
which through the Noether method defines the conserved current
∗Jλ = Θ(δˆλw
ab, wab, ea) = −D(λab)τab (41)
and subsequently the Noether charge
QNλ = −
∫
∂Σ∞
λabτab. (42)
On the other hand, one knows that the variation of the Hamiltonian charge is given by,
δ˜QHλ = Ξ(δ˜w
ab, δˆλw
ab) = −
∫
Σ
δ˜(D(λab)τab) + δˆλ(δ˜w
abτab),
however the last term of the r.h.s. vanishes since δ˜wabτab is a scalar for the Lorentz group. Using this result is
straightforward to identify Noether and Hamiltonian charges.
In order to determinate the algebra of these charges, one calculates expression (39) for two independent Lorentz
transformations, δˆλ1 and δˆλ2 . Therefore,
[Qλ1 , Qλ2 ] =
∫
∂Σ∞
[λ1, λ2]
abτab = Q[λ1,λ2], (43)
where [λ1, λ2] stands for the bracket between the parameters of the transformations in the Lorentz algebra. This
result shows that the algebra of charges reproduces the algebra of local Lorentz transformations.
B. Diffeomorphism Algebra
The next step is to analyze the algebra of charges associated with the invariance under diffeomorphisms. In general
that can be done by simply restricting the analysis to the asymptotic behavior of the space, thus, it is only necessary
to consider ξ as an asymptotical Killing vector. During section IV (See Eq.(20) ) was exhibited that under the ALAdS
condition Hamiltonian and Noether charges agree. Therefore the algebra of charges is given by 7
[Qζ , Qξ] =
∫
Σ∞
−LζΘ(−Lξ) + LξΘ(−Lζ)
= Q[ζ,ξ] +
∫
∂Σ∞
Iζw
abLξτab − Iξw
abLζτab, (44)
where one recognizes an additional term,
K(−Lζ ,−Lξ) =
∫
∂Σ∞
Iζw
abLξτab − Iξw
abLζτab. (45)
It is matter of further investigation to establish whether this former expression is an extension of the algebra of
diffeomorphisms and what is its classification. To accomplish that previously it has to be understood which are the
families of diffeomorphisms that are compatible with the ALAdS condition. Nonetheless, it can be analyzed as a very
particular case a locally AdS space8. In this particular geometry one can expect that K(−Lζ ,−Lξ) = 0. In four
dimensions, for improved EH action (See [5] for details) one obtains that
7In this calculation was useful the identity IηLζ − IζLη = I[η,ζ]
8Note that a locally AdS space has constant curvature everywhere. Nonetheless, there are several non-trivial spaces which
are locally AdS in four dimensions. See [20–22] and references therein.
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K(ζ, ξ) =
l2
64πG
∫
∂Σ∞
Iζw
abLξR¯
cdǫabcd − Iξw
abLζR¯
cdǫabcd (46)
However, given that R¯cd = Rcd + l−2eced = 0, one can check that the former expression vanishes. Therefore, one
can conclude that for any locally AdS manifold in four dimensions, the algebra of diffeomorphism does not have an
extension.
This result can be generalized to higher (even) dimensions and to any of the LL Lagrangians discussed. This can be
done by noting that under the ALAdS condition τab is proportional to a power of R¯
ab and thus it vanishes everywhere
evaluate on a locally AdS space. Thus, that determinates that K(−Lζ,−Lξ) (See Eq.(45)) vanish for any even
dimensional locally AdS space.
VII. CONCLUSIONS AND OPEN QUESTIONS
In this work was performed a first approach to the analysis of the phase space of the first order gravitational
theories subject to the ALAdS condition. It was demonstrated that this boundary condition ensures that black hole
thermodynamics holds for ALAdS spaces, even in presence of matter. It is clarified the reason for Hamiltonian and
Noether methods match in this case.
It is remarkable that after only a fast analysis it is possible to gain information about the nature of the conserved
charges algebras. One may expect that, as it can be done for the metric formalism in 2+1 dimensions [9,23], degenerate
states can be analyzed by examining classes of the diffeomorphisms that preserve the boundary conditions.
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